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TWO-PHASE FLOWS OF INCOMPRESSIBLE CONDENSED MEDIA AND GAS

V. I. Nalimov UDC 532

A model of weakly compressible media based on the assumption of small volume concentration
of gas is developed for the description of flows of powder miztures. A strong shock-wave
approzrimation is used to describe the dynamics of strong discontinuities. Various approzimate
formulations of the problem are deduced from a variational principle by restricting the class of
function within which a critical point of the action functional is sought.

From the equations of motion for mixtures consisting of an incompressible condensed medium and a
gas, approximate dynamic equations are derived using a one-velocity approximation with common pressure
of the phases (see [1] and bibliography there) and the assumption that the volume concentration of the gas
in the mixture is small. Shock-wave propagation in a mixture of an inviscid fluid and a gas is described using
an approximation of strong shock waves that coincides with the model for weakly compressible media derived
in [2]. For flows without phase transitions, the shock-wave velocity in this approximation is proportional to
the velocity of the medium past the front. A comparison with experimental data for metal powders {3] shows
that the model of strong shock waves gives a satisfactory approximation for shock-wave velocities comparable
with the velocity of sound in a metal.

For one-dimensional motion of a mixture with strong discontinuities, we prove a variational principle
that allows us to employ the Galerkin method to formulate various models in which a solution is obtained
from a system of ordinary differential equations.

1. EQUATIONS OF MOTION

Notation. We assume that particles of the gas and the condensed medium that form the mixture are
points. The condensed medium will be called the first phase, and the gas will be referred to as the second
phase.

The volume dV occupied by the mixture is represented as the sum of two volumes: dV = dVi + dVa.
Here dV; are Lebesgue measures (volumes) occupied by the carrier medium and the gas. We assume that for
every point of the mixture, the following limits exist:

lim ﬁ=ai, a;+ay =1.
dv—o0 dV
The quantities oy and as are called the volume concentrations of the corresponding phases.

We also assume’ that the functions p;, pi, Ti, Ciy, and s; are defined at every point of the flow
domain and represent the density, pressure, temperature, specific heat at constant volume, and the thermal
conductivity for the condensed medium (i = 1) and the gas (¢ = 2), and the function o;; = —p;d;; +Ti'j (045 is
the Kronecker symbol) is the stress tensor of the condensed medium. The mass of the ith component of the

Lavrent’ev Institute of Hydrodynamics, Siberian Division, Russian Academy of Sciences, Novosibirsk
630090. Translated from Prikladnaya Mekhanika i Tekhnicheskaya Fizika, Vol. 41, No. 5, pp. 148-160,
September—October, 2000. Original article submitted January 13, 2000.

0021-8944/00/4105-0895 $25.00 © 2000 Kluwer Academic/Plenum Publishers 895



mixture contained in the volume dV is equal to p;dV;. The density of the mixture is given by the equality
pdV = p1dV] + podVa, p = a1p1 + azp2. The quantities
ﬂi=%;}¥=g;&’ Bi+B=1 (1.1)
are called the mass concentrations of the mixture components.
Remark 1. Since the mass of each phase in the moving volumes is conserved, the mass concentrations
in the particles are constant.
Next, it is assumed that the equation of state for the gas has the form

p2 = f(p2, T2)- (1.2)

In particular, for a perfect gas, po = p2 RT3. The condensed medium is considered incompressible: p; = const.
We note that for specific volumes dv; = 1/p; and v = 1/p, the following equalities are valid:

v=L0 + Bave, v =B1v1, v = Bue = v — [ior. (1.3)
Stress Tensor and Thermal Conductivity. To determine the stress tensor of the mixture o;; =

—p;di; + Tij, we consider a surface element dS = dS; + dS; (dS; is the surface measure of ith phase) with the
normal nn and set

3 3
( —pn; + Z Tijnj>d5' = —(p1 dS; +p2dSs) + Z 74 dSy,
j=1 =1

where ¢ = 1, 2, and 3. Arbitrarily extending the surface element to a cylinder of height d! and taking into
account that dS;/dS = dV;/dV = a;, from the preceding equality we obtain p = a1p; + azp2 and 7 = a1 7).
In other words, the volume-averaged and surface-averaged values coincide [1].

In what follows, we assume that in a volume element the pressures in each phase coincide: p; = ps = p.
The stress tensor of the mixture has the form

0ij = —poij + a17j; = —pdij + Bip7i; /1. (1.4)
The thermal conductivity of the mixture is defined similarly:

&= a2 + oz = (B1p/p1)1 + B2(1 ~ B1p/p1)2ee. (1.5)

Internal Energy and Entropy. The internal energy of the mixture is defined by the equality

€ = B1€1 + B=¢2, where ¢; = C,;T;. According to the first law of thermodynamics d@y + dQ2 = d(51¢1) +

d(Ba2e2) + p dv, where dQ; is the increase in quantity of heat for each component per unit mass of the mixture.
With allowance for Remark 1 and Eq. (1.3), the last relation can be written as

dQ1 + dQ2 = B1 de1 + (2 deg + Bap dvs. (1.6)

The flow of the mixture depends greatly on the heat-transfer processes. Below we consider two models
for describing two-phase media.

Case A: Heat-Non-Conducting Condensed Medium and Gas. Since there is no heat exchange between
the phases, then, according to (1.6), the following equalities must hold: dQy = 81 de1, dQ2 = Ba(ds2+pdv2) =
B2T, dsa, where s; is the entropy of the second phase.

Remark 2. If external sources of heat are absent, the change in the internal energy of the first phase
is equal to the work done by the forces of internal friction.

We define the entropy of the mixture by the equality s = B2s2. For a polytropic gas,

p/po = A(s, B2)(p2/p20)” - (1.7)
Remark 3. If external sources of heat are absent, then for continuous flows, the entropy in the
particles is conserved and A(s,82) = 1.
Case B: Heat-Conducting Condensed Medium and Gas. In this case, we assume that in any volume
element, the temperatures of both phases are identical. The equality C,pdV = Cy1p1 dVi + Cy2p2 dV2 defines
the specific heat of the mixture:
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Cv = ﬂlcvl + ﬁ2Cv2~ (18)

By definition, de; = Cy; dT and dQ = dQ1 + dQ: = CodT + Bopdua = 31Cy1 dT + 32T dss. Therefore, the
entropy of the mixture is given by s = 81Cy1 In T + B2s.
As in the case of heat-non-conducting phases, for a polytropic gas,

p/po = B(s,02)(p2/p20)"" (1.9)
where
Y = 1+ ﬁ?R/Cv (110)

Remark 4. In contrast to heat-non-conducting media, the entropy of the mixture increases (ds > 0)
in the presence of internal friction: B(s, 32) = 1, if the entropy in the particles is constant.

Laws of Conservation of Specific Concentration, Mass, and Momentum. The above reasoning
shows that the mixture of an incompressible condensed medium and a gas can be treated as a condensed
medium with velocity field u, density p, and the stress tensor o;; defined by Eq. (1.4). According to Remark 1,

dBe
— =0, (1.11)

where the operator d/dt = 8/8t + (u - V) is the total derivative with respect to time.
For flows without strong discontinuities, the laws of conservation of mass and momentum have the

form
dp .
a-}—pdlvu:O; (1.12)
du —v ~—-d1v(6 )+ f 1.13

where f is the body force, 7 is the stress tensor deviator, and, by definition,

(div (G1p7))i Z 3z, (ﬂzp"'u)
=1
Laws of Conservation of Energy. It is known that the total change in the kinetic energy of the
medium results from the work done by body forces and surface forces in a volume element. The change in
the internal energy ¢ is related to the work done by friction forces on changing the volume of the medium
and to heat-transfer processes:

de

P +pV-u—aG=V-0, (1.14)
where 0 is the current density of the heat transferred through a unit area of isothermal surface per unit time
3
Au; . . .
and G = E Tij (—9-3-13 [+* is the dissipative (viscous) component of the tangential stress tensor].
.
ij=1 7

The internal energy varies differently, depending on the heat-conduction processes. We consider two
cases.

Case A: Heat-Non-Conducting Condensed Medium and Gas. According to Remark 2, the work done
by the forces of internal friction is equal to the change in the internal energy of the first phase. Therefore,
Eq. (1.14) splits into two equations:

d d
PE(5151)“0410=0, PEE(52€2)+PV‘U=0-

Taking into account the law of conservation of mass concentration (1.11) and the definitions of the
specific internal energies ¢; = Cy; T}, and (1.1), we obtain

Cnt-La=0; (1.15)
1
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drT:
B2Cyap -Et—2 +pV-u=0. (1.16)
Case B: Heat-Conducting Condensed Medium and Gas {1]. In this case, equalities (1.5) and (1.8)
define the thermal conductivity and the specific heat at constant volume of the mixture. Letting ¢ = C,T,
from (1.14) we obtain the following equation for the temperature:

dT
C”pﬁt— +pV - -u—0G=V-(2VT). (1.17)
In view of (1.3), the equation of state of the mixture (2.2) can be written as

p=g(ﬁ2,P,T), (118)

where T = T4 for heat-non-conducting phases.
Remark 5. If the entropy in the particles is conserved, then for a polytropic mixture, Egs. (1.3),
(1.7), and (1.9) lead to the law of conservation of entropy:

% (v — Biv1)*p] =0, (1.19)

where k = « for the case A and k = -, for the case B. The adiabatic exponent is defined by formula (1.10).

We note that in the case of heat-conducting phases, the flow is isentropic if the stress tensor is spherical
and the thermal conductivity is negligible.

Remark 6. Equations (1.11)-(1.13), (1.15), and (1.16) and the equation of state (1.18) represent a
complete system of equations for the mass concentration, velocity field, pressure, and temperature of each
mixture component in heat-non-conducting phases.

Equations (1.11)-(1.13) and (1.17) and the equation of state (1.18) are a complete system that defines
the flow parameters in the case of equal temperatures of the phases.

Remark 7. For isentropic flows, the mass concentration, the density, and the velocity field are obtained
from Egs. (1.11)—(1.13), the equation of state (1.18), and the law of conservation of entropy (1.19).

Remark 8. For isentropic flows, the velocity of sound in the mixture is calculated from the formula
(see also [1])

(8}))1/2 (kp ap2)1/2 ( ko2 )1/2
c= | — =\-— = = )
dp p2 Op Yoop
where ¢g is the local velocity of sound in the gas.

For heat-non-conducting phases (k = +) with specified pz, the velocity of sound in the mixture c{a2) is
equal to the velocity of sound in the gas cp if a2 = 1 and a2 = a3, c(a2) < ¢ if a3 < a2 < 1, and c(az) > o
if a2 < 3. Here a3 = (p1 — |p1 — 2p2])/(2(p1 — p2)). The minimum velocity of sound in the mixture

e =2[2(1-2) e

is attained for as = p1/(2(p1 — p2)) (P2 < p1)- If p2/p1 K 1, then ¢, =~ 2y/pa/p1co K co-

Initial and Boundary Conditions. To single out a unique solution of the equations describing the
dynamics of mixtures, it is necessary to specify initial and boundary conditions. We assume that at ¢t = 0, the
velocity field ug, the mass concentration B2 (or £;), and the density of the gas pog are known. The volume
concentration and the density of the mixture are obtained from the formulas as = B2p1/(82p01 + Bip2) and
p = p1p2/(B2p1 + B1p2)- In addition, the temperatures T19 and T3 of each phase must be given. The pressure
is determined from the equation of state (1.18).

On the rigid walls, the condition of no flow through the boundary must be satisfied: the normal velocity
of the particles adjacent to the wall must coincide with the normal velocity of the wall. This condition suffices if
the first phase is an inviscid incompressible fluid. For other condensed media, additional boundary conditions
appear. If the condensed medium is a viscous incompressible fluid, the no-slip condition must be satisfied on
the rigid walls: the velocity of a fluid particle on the wall is equal to the velocity of the wall. For a plastic
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medium, the friction law must be satisfied on the wall (for example, the Amanton-Coulomb law: the density
of the friction force on the rigid wall is proportional to the normal stress and its direction is opposite to the
motion of particles of the medium).

On the free boundaries, the kinematic condition (condition of no normal flow) and the dynamic condi-
tions (the normal stress coincides with the external pressure and tangential stress is absent) must be satisfied.
For a heat-conducting mixture, in addition, conditions for temperature must be specified on the rigid walls
and free boundaries.

Shock Waves. If the first phase is an inviscid incompressible fluid (spherical stress tensor), flows with
strong discontinuities are possible. At a strong discontinuity, the equality of the mass concentrations, mass
flux, and momentum must be satisfied:

[Blp =0,  [p(D—u)lp=0, [o(D - u)* +plp = 0. (1.20)
Here the square brackets denote an operator that determines the jump of the corresponding function at the
shock wave, D is the velocity of the shock-wave propagation, and u is the velocity of the mixture normal to

the shock-wave front.
For a perfect gas, the specific energy can be expressed as

u2/2 +pw+C,T = u2/2 + pv + (Cy/R)pvs.

Here and below, we assume that C, = $2Cy2 and T = T3 in the case A and C, = 3, C,1 + B2C2 in the case
B; the specific volume v is defined by Eq. (1.3).
The law of conservation of energy at the shock wave is written as

[ (D —u)?®+pv + (v /311/1)17]D = —ve. (1.21)

Here 1/v is the density of the mixture past the shock—wave front, e is the energy loss (due to some factors,

for example, chemical processes) per unit volume of the mixture after passage through the shock wave.
From the jump conditions (1.20) and (1.21), we deduce a shock-adiabat equation. For heat-non-

conducting media and a perfect gas, it has the form

51111

— po — ev. (1.22)

1
= §(vo - v)po +

v — Biur
¥-—-1

1
2( O—U)P+

2. APPROXIMATE FORMULATIONS

Approximation Assuming Small Volume Concentration of the Gas in the Mixture. We
assume that, at the initial time, the mass concentration of the gas in the mixture 8; = 42 is constant and
§ < 1. Since the mass concentrations in a particle are conserved, the value é remains constant for subsequent
times.

Assuming that the components of the mixture are not heat-conducting, we set v = v;(1 — 6% + 626),
u=éu,t=24t, =04 TU, = 620G Ty = 6%°TY, Tr = T}, eg = 6%€}, and e; = §%€¢}. Here 0 = 0 or
o = 1, depending on the properties of the first phase.

Assuming that the gas is perfect and using the equation of state pvo = RT%, (1.3) and the laws of
conservation (1.12), (1.13), (1.15), and (1.16), with accuracy up to terms of the second order in J, we obtain

(primes are omitted):

)
fp = p1 RT3, 5 = V-u=0 (2.1)
du 1 5%
— 4 —Vp=—divr + ; 2.2
5% "o VP I (2.2)
aT:
Cuop1 == + PV - u = 0; (2.3)

ot
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oIy

ot
Equations (2.1)—(2.3) together with initial data and boundary conditions are used to obtain the velocity field,
the pressure field, the temperature, and the specific volume §. Equality (2.4) defines the temperature of the
first phase.

Remark 9. In the case of a viscous fluid, the stress tensor deviator depends linearly on the derivatives
of the velocity with respect to spatial variables, and therefore, ¢ = 1. On the right side of (2.2), the term
proportional to 6% is retained in order to take into account the smoothing properties of viscosity and avoid
difficulties in formulating the boundary conditions.

If tangential stresses are absent (spherical tensor), then, according to Remark 3, the flow is isentropic
and system (2.1)—-(2.4) is considerably simplified. To describe the flow, it suffices to use the law of conservation
of mass [the second equation in (2.1)], the law of conservation of entropy (1.19), and the law of conservation
of momentum (without body forces). Within the framework of the given approximation, we obtain

Ca =t -G=0. (2.4)

0 a,

5t——-V-u-—O, a(pe )-—0, (2.5)
ou 1
—+—Vp=0. 2.6

According to (2.4), the temperature of the fluid is constant. The temperature of the gas in the mixture is
determined from the equation of state Op = p; RT>. Relation (2.3) is a consequence of the equation of state
and formulas (2.5) and (2.6).

In flows without tangential stresses (the first phase is an inviscid incompressible fluid), shock waves
are possible. At a jump, the conditions of equality of mass and momentum fluxes {1.20) are satisfied with
accuracy to terms of lower orders in ¢ if

(6o — )V =u —ug, 2 —po = p1{u— )V, (2.7)
where V = §-1D.
Within the framework of this approximation, from the shock-adiabat equation (1.22) we obtain
(v +1)8 = (v = Dbo)p = ((v + 1)bo — (v — 1)8)po — (v — 1)e/2. (2.8)
Using relations (2.7), we eliminate the functions p and 6 from the shock-adiabat equation and obtain the
following relation between the shock-wave velocity V' and the velocity of the gas u:

20pruV? - (v + Dpru? — Lo—e)V — 2ypou=0. (29)
Converting to the initial (without primes) variables and taking into account that a = 628, we obtain
y—1 P20 o
2a20uD? ~ (Y +1)u? — —=e€)D-2"=c5 =0, 2.10
Q20U ((’Y ) 201 ) o i) ( )

where cg = 4pg/pa0 is the square of the velocity of sound in the gas. For ¢ = 0 (no heat exchange between
the phases), we have

7+1( ( 2 16 po o 1/2)
D=2 (u+ (w2 + = :
4o A v+, azoco)

For pa0/p1 < 1, the last formula becomes

D=(y+ 1)u/(2a20). (2.11)
If, in addition, u? >> (v — 1)e/(2(y + 1)p1), then from (2.10) we have the approximate relation
2 vy—1e
D=——-o Du — -}, 2.12
4a20 ((7 + )u 2/)1 u) ( )

Remark 10. Within the framework of this approximation, the contact discontinuities in the mixture
are fixed.
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Approximation of Strong Shock Waves. In accordance with the shock-adiabat equation (2.8),
8 — Oo(y—1)/(v + 1) or p2 — pao(y+1)/(y — 1) as p — 00, because ps = §%p; /. We assume that past the
shock-wave front (in its neighborhood)

p 7_'1 / /
—>1, §=——(6—0), 0 1.
> 7_}_1(0 ) <

Po
Let L be the characteristic linear dimension. We introduce dimensionless variables by the equalities
’ T 1] 1 Po (FY — 1)02 I
== == /2t AN
I V" PTGrne™
- Po Po 63 .
v+1 ('y+1)26p°0
Taking into account that
-1 fopo fopo ' g
~ 8o, ~ y o Vpx ———=V'p,
T e PRI+ 7P
from system (2.5), (2.6) we obtain (primes are omitted)
pt+pV-u=0, us + Vp =0. (2.13)

Letting po = 0 in the equations of conservation of momentum in (2.7) and the (V-u) diagram (2.9), as is
customary in the theory of strong shock waves, we obtain the following relations at the jump:

p=uV,  2uV =u®-2e. (2.14)

In physical variables, the second equality in (2.14) coincides with formula (2.12).

Remark 11. The law of conservation of mass in (2.7) serves as the boundary condition for the function
¢'. Using (2.14), we write it in the form (y — 1)¢' = 2efo/p.

Remark 12. Conditions (2.14) at the shock wave can be written as

p=1uV, u?/2 =p + eo. (2.15)

According to [2], the flow of the mixture can be treated as flow of a weakly compressible polytropic gas (the
adiabatic exponent is much larger than unity) with phase transitions at the shock wave (at e # 0) due to
physical processes such as endothermic combustion.

Comparison with Experiment. Bakanova et al. [3] give experimental data for the shock-wave
velocity D as a function of the flow velocity of the medium u for powders of molybdenum, tungsten, copper,
and aluminum. It follows from the diagrams presented in [3] that this function can be considered linear
(D = au + b) over a fairly wide range of velocities. Below, we give the equations (from [3]) of (D — u)-
diagrams for each powder and the corresponding formulas (2.11) for various values of the porosity m, which
is related to the volume concentration by the formula ag = (m —1)/m.

For molybdenum powder,

Dexp = 2.05u 4+ 0.03 and D = 2.66u for m = 1.82 and 0.58 < u < 2.31,
Dexp = 1.58u — 0.07 and D = 1.77u for m = 3.1 and064 u < 3.21.

For tungsten powder,

Dexp =1.97u+0.13 and D = 2.68u for m = 1.81 and 0.52 < u < 1.98,
Dexp = 1.48u — 0.11 and D = 1.67u for m = 3.55 and 0.61 < u < 2.86.

For copper powder,

Dexp = 1.82u 4 0.21 and D = 2.52u for m = 1.91 and 0.6 < u < 2.44,
Dexp = 1.62u 4 0.06 and D = 1.81u for m = 2.98 and 0.64 < u < 2.73.

For aluminum powder,

Dexp = 1.85u + 0.2 and D = 2.39u for m = 2.01 and 0.65 < u < 2.97,
Dexp = 1.59u — 0.05 and D = 1.78u for m = 3.01 and 0.67 < u < 3.16.
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Here Dexp is the shock-wave velocity obtained experimentally and D is the corresponding velocity obtained
from (2.11). Experimental (D-u) diagrams were plotted using the outermost points of the specified ranges
of velocities. The unit of measurement for the velocity is 1 km/sec.

These data show that the approximation of strong shock waves is adequate for describing the dynamics
of powder media with shock-wave velocities comparable with the velocity of sound in a metal.

Remark 13. The one-dimensional system (2.13) ps + puz = 0, uz + p; = 0 is linearized if a = u
and 3 = 2,/p are chosen as independent variables, and ¢ = t(a, ) and = = z(a, 3) are chosen as unknown
quantities: zo + Bt3/2 = 0 and zg + Bta/2 = 0. According to (2.15), in the plane (o, ), the shock-wave
equation has the form |a| = \/2(32 + 4e0)/2 or B = /2o — 4eg. At the shock, the following condition must
be satisfied: -

Ty + ﬂaxﬁ _ ,3_2
to + Bats 4o’

If we introduce the stream function = = 5v3/2, t = —%),, it satisfies the equation of the membrane: ¥4 —

(Bg)s/B = 0.

3. PULSED COMPRESSION OF A FINITE MASS OF A MIXTURE

Formulation of the Problem. Let, at the initial time ¢ = 0, a motionless mixture occupy the volume
0 < 7 € 1. We assume that a shock wave propagates from the boundary r = 1 to the center of symmetry r = 0
and the position of the front is given by the equalities 7 = 1 — R(t) and R(0) = 0. We assume that the flow
past the shock-wave front is described by the one-dimensional system (2.13) with boundary conditions (2.15).
To describe the motion of the medium taking into account the characteristic features of the problem, it is
reasonable to introduce the new independent variables 7 = R(t), and £ = (1 ~r)/7 and let R'(¢) = q(7)/V/7,
u(r,t) = —q(r)V (&, 7)//7, and p(r,t) = P(§,7)/7. In the new variables, the one-dimensional system (2.10)
becomes

Oln P 8lnP 9

g '3 ¢ +r 5 ™V) =1; (3.1)
a 2 o q2 0
—(qV) — —V—-=V4+ -P= 32
7q 5= (@V) qéas 5 +a§P 0, 32)
where r = 1 — 7¢, and the geometric parameter v = 0, 1, and 2 for plane, cylindrical, and spherical waves,
respectively.
At the shock wave, the following jump relations must be satisfied:
V=P, ¢V?2=P+ter (£=1). (3.3)
The boundary r = 1 is treated as a fixed rigid wall:
V=0 (£=0), (3.4)

or the interface between the medium and vacuum:
P=0 (&=0). (3.5)
The flow of the medium depends strongly on the method of initiation of the shock wave. Therefore,
in the domain
O={¢):0<é<l,n<T<7}
with 0 < 79 < 7 < 1, we consider the family of problems (3.1)—(3.4) or (3.1)—(3.3), and (3.5) with the initial
data

a=q, V=W, P=PR(§) (r=m0). (3.6)
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The initial data must be compatible with boundary conditions (3.3)—(3.5):
@Vo(1) =PRo(1),  ¢°V5/2= P +eomo; (3.7)

Vo(0)=0 or PFy(0)=0. (3.8)

The compatibility conditions (3.7) define the initial data for the function g(r).
For the known function ¢(7), the law of motion for the shock-wave front is determined by solving the
Cauchy problem

VR(t)R'(t) =q(R(t)),  R(to) = o (3.9)
The aim of the further investigation is to determine the class of initial data (3.6) for which it is possible to
write approximate solutions of the problems formulated above in the limit 7y — 0.
Variational Formulation. System (3.1)-(3.3) with boundary conditions (3.4) or (3.5) admits the
energy integral
: 2
/ P($viep+ eor)ds = E (3.10)
0
(this can be verified by differentiation with respect to 7) with the constant E calculated from the initial
data (3.6).
Variational Principle. The solutions of the equations of motion for a continuous medium (3.1)—(3.3)
and (3.4) or (3.5) and (3.6) in the domain II coincide with the extremals of the action functional
n
S(q,V,P) = /Ldr
o

with the Lagrangian .
2
L= ﬁ/(q—Vz—P-eor)r”df+ﬁE
g ) \2 q

in the class of functions satisfying the initial data (3.6), the constraint equation (3.1), and the additional
constraint V = 0 for £ = 0 in the case of boundary condition (3.4).

Indeed, variation of the functional S with respect to g yields the energy integral. Let
1—prtl
v+ 1)] ’
so that the continuity equation (3.1) is automatically satisfied. The initial data (3.6) will be satisfied if for
T = Tg wWe set

P=exp(-r7"g), V=r"" [(Tg)f — &g + (3.11)

, 1-— 7‘5'*'1
g=90(§), Togr=1oVo+&9 — g0 - oD’ (3.12)
where 1
n©=1-n¢ @O = [ PEd,
¢

and obtain go from the compatibility conditions (3.7). Boundary condition (3.4) will also be satisfied if we
put
Tg=79 (£=0). (3.13)

From representation (3.11) we have

§P = —r~"Pig;, 6V =r""[(rg). — £3ge]. (3.14)
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Varying the action functional with respect to V" and P, taking into account the representation (3.14),
and assuming that dg(€,70) = dg(§, 1) = 0, after integration by parts we obtain the following equation in

variations:
NG 3 qV _ 22‘1 oP
4/—(1—(\/;7'9:977—; &q T +5E)59(£,7-)d7-d§

= —/gP(O, 7)69(0,7) dr + / iq_t [P(1,7) - ¢*V(1,7)]6g(1,7) dr. (3.15)

This, in view of the arbitrariness of dg(£,7) and dg(1,7), results in Eq. (3.2) and the first of the conditions
(3.3). If 6g(0, 7) is arbitrary, then (3.15) implies boundary condition (3.5) [in the case of boundary condition
(3.4), Eq. (3.13) yields 6g(0,7) = 0]. The second boundary condition in (3.3) follows from the energy integral
(3.10) after differentiation with respect to 7. Thus, the variational principle is proven.

Remark 14. In what follows, we shall seek solutions of problems (3.1)~(3.6) that are regular for
7o — 0. Therefore, the initial data cannot be arbitrary. From (3.11) with 7, — 0, we obtain Py = exp (—go¢)
and Vg = go — &goe + &, letting 79 — 0 in (3.12) we find that (£F)’ = poV{, and from (3.7) and (3.8) in the
limit 79 — 0 we have Vj(1) = 2, Po(1) = 243, Vo(0) = 0 or Py(0) = 0. The initial value for ¢ is determined
from the energy integral in the limit 7y — O using the given constant E.

Approximate Solutions. For short times, the flow can be considered plane-parallel because r ~ 1.
The constant ep can be set equal to zero. For ey = 0, problem (3.1)—(3.4) has the stationary solution [2]

2/3 -1/2 5/6 _ ¢~102/3 _¢ e, 3
UMU - 1) @3 - U/ = ¢71223, =571 ?=1F
where U = V/¢. The law of motion for the shock-wave front is defined by the equality R(t) =
3.4723EY342/3 ~ 1.19EY/3%/3. We note that P(1) = 3E/2 and P(0) = (3E/4)4%3. Approximate so-
lutions of problems (3.1)—(3.4) with initial data of the form (3.6) are also given in [2].

Equations (3.1) and (3.2) have no stationary solutions satisfying boundary condition (3.5) and bound-
ary condition (3.3) (for g = 0). Therefore, hereinafter we construct approximate solutions that give averaged
values of the velocity and the pressure at sections 7 = const. We consider a family of functions g(&, ) that
depend on the vector parameter u = (u1, ..., #), and, in accordance with (3.11), we set P(¢, u) = exp (—¢q¢)
and V(§, u) = g — £q¢ + §. With this definition of P and V/, the equation of continuity (3.1) is automatically
satisfied. In addition, we assume that

g0, p)=V(0,u)=0 or P(O,u)=0.

The variations g = Vg - dp of the functions g are not finite in time. Therefore, we consider a sequence of
variations of the form dg, = ¢, (7)dg(£), where ¢, (7) are smooth functions that vanish at 7 =79 and 7 =71
and ¢,(7) — 1 for 79 < 7 < 1. Substituting dg, into formula (3.15) and assuming that the function ¢ is
constant, in the limit n — oo, after integration by parts, we obtain the equality

1
3 )
s [VVugde = 0/ (¢%€V — P)Vpugds, (3.16)

which is valid due to the arbitrariness of du. Thus, we have the following approximate formulation of the
problem: it is required to find the parameters @ and q from system (3.16) and the energy integral (3.10).

In the simplest case V = u1€ and P = usé#1~1, the corresponding solution has the form [2] u; = 3/2,
p2 = E, and ¢ = 8E/9. The law of motion for the shock-wave front is given by the formula R(t) =
21/3E1/342/3 ~ 1,26 EY/3¢2/3, One should expect that the approximate solutions constructed by the method
proposed above give satisfactory approximations in the neighborhood of 7 = 0. To take into account the
dynamics of the process and the flow geometry, we consider a family of functions g(£,T) with the vector
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function T(7) = (T1(7), ..., k(7)) and define the mappings T — P(¢,T), T — V(¢,T,7T’,7) by equalities
(3.11). This defines the Lagrangian

' VT € v
L= \/;M(q’T’TT’T)+T[E_ T(uil)(r +1_1)]’

where 1

Variation of the action functional with respect to g gives the energy integral (3.10), and variation of it
with respect to T leads to the following system of ordinary differential equations:
d oM | 1 0M oM

—t = = i =1,2,...,k
dT aszI + 27_ 81';/ aﬂ (2 727 ’l")) (3.17)

which degenerates at 7 = 0. Therefore, the initial data for this system must be determined in the process of
solution. To do this, we use Taylor’s formula M = Moy(q,T) + 7N (q,T) - T' + O(7?) and, similarly, we write
the energy integral (3.10):

Wo(q, T) + W (g, T) +7K(q,T) - T' = E+ O(7?). (3.18)
Substituting representation (3.18) into the Euler equations (3.17), we obtain

3 My d 2 .

N - 2 —N; =0 =1,2,...,k).

2Nz 5T, +Td7_N () (E=1,2 k)
From the last equality and the energy integral it follows that the solution of system (3.17) is regular at 7 =0
if

3 0 .
Wolg.T)=E, 5 N:i(@T) =55 Mo(a,T) (i=1,2,....k); (3.19)
d
E— WO(QvT) + K(q7T) T + W(q7T) =0,
T (3.20)
dr3 d
12N —_— N; = =
=[5 Ma D) - 55 Mo(a T) + (@ T)| =0 (=1,2...k)

at 7 = 0. System (3.19) defines the initial data for T and ¢, and system (3.20) gives initial data for T" [the
value ¢/(0) is calculated from the energy integrall.

As a result, we obtain the following approximate formulation for the problem of pulsed compression of
a finite mass of the mixture: it is required to find a solution of the system of ordinary differential equations
(3.17) with initial data defined by systems (3.19) and (3.20).

Remark 15. For v = 0, problem (3.19) coincides with the problem of finding steady solutions from
system (3.10) and (3.16). A solution of system (3.10) and (3.16) is a steady solution of the Euler equations
(3.17) if ep = O [in this case, the energy integral is explicitly independent of 7 and it follows from (3.20) that
¢'(0) =0 and T7(0) = 0].

As an example, we consider a family of approximate solutions in the following form: V = Ti(7){ and
P = exp{Ta(r) + [Ti(7) — 1){1 In £} for v = 0. The function M that defines thelLagrangian has the form

M = L [Ty — 7T3)? + 247 T{(Ty — 7T3) + 172137 — — ™.
54 qI

Another kind of approximate solutions is obtained under the assumption that 7y — 79 < 1 and, for 7 €

(70, 71), the velocity and pressure differ slightly from some averaged distributions V'(§) and P(€). Therefore,

let
Peewlr Ol V=r[a®) - &+ 1]
= exp [r"7¢(§)]; =r"|q q ED)
In this case, the continuity equation is satisfied.
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Assuming that V =0 at £ = 0, from the equation in variations, we obtain

5 7 5 n\/_ n .
Y [ vT - 2 VT o
ag/\/7_'qu7'+a€/ . Pdr /ﬁ(2q+ . g Tq)VdT
T0 70 70

=/%[P(l,r)-—q2V(1,r)]dr=o.

Dividing these equalities by 7 — 79 and taking into account the continuity equation, in the limit rp, 71 — 7,
we obtain the system

vt

rVP(rtV)e = (P~ —> Pln P; (3:21)
P = VEWVEV)e — ma(d — vEg/T)V (3:22)

with boundary conditions
P=¢V (¢=1), V=0 (£=0). (3.23)

Relation (3.21) is the continuity equation (3.1).

System (3.21)—(3.23) together with the energy integral (3.10) defines the approximate solutions of the
problem of pulsed compression of a finite mass of the mixture with boundary conditions (3.4).

For v = 0 and ey = 0, the solution of the problem (3.21)—(3.23) is self-similar. Generally, the variable
T enters into the boundary-value problem as a parameter. The existence of the solution is not obvious.

This work was supported by the Russian Foundation for Fundamental Research (Grant Nos. 98-01-
00660 and 98-03-32328).
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